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Equations relating the output signal of a dispersion analyzer and the energy distribution function
of the charged particles entering it are obtained and solved on the basis of an analysis of

the motion of charged particles in such analyzers. The influence of corrections on the
reconstruction of the energy distribution in comparison with the standard procedure is
considered. ©1997 American Institute of PhysidsS1063-784£97)01806-0

INTRODUCTION EQUATIONS OF TRAJECTORIES

Many modern methods for investigating solids and plas-  To obtain the equations of the trajectories of the particles
mas are based on analysis of the energy spectra of chargétan analyzer we use the approach described in Ref. 5, ex-
particles. Electrostatic and magnetic analyzers are employegressing the particle velocity in terms of the radius vector
in such investigations. The fact that the output signal of arof the particleR and the coordinat& coinciding with its
analyzer conveys the shape of the energy spectrum of thgajectory
particles with distortions raises the problem of reconstructing dR drdS dR
the true spectrum of the particles from the output signal of p=—=——=—
the analyzer. dt dSdt dS

The problem of reconstructing the true distribution for wherev is the absolute velocity of the particle.
electrostatic analyzers was reduced in several papees for Then, taking into account the equation of motion of a
example, Ref. ]Lto solving the convolution integral equation nonrelativistic charged patrticle in an electrostatic field

v, ()

oo dv
|(W)=CfO A(W—E)f(E)dE, (1) maz—quU, (4)

where U is the electric field potential, and expressing the
wherel (W) is the output signal of the analyzdi(E) is the  kinetic energy in terms of the total enerdy, after some
energy distribution function of the particle&(W—E) is the  relatively simple transformations we obtain

instrumental function pf the analyzaf is the tuning energy dZR/ geU| dR d(qeU/Ey) qeu

of the analyzer, an€ is a constant. 2——| 1— - =—V|l—|. (5
When the energy distributiofor the momentum distri- ds’| Eo ds ds Eo

bution for a magnetic analyzeis reconstructed, the output Similarly, in the case of a relativistic charged particle in

signal of the analyzet(W) [or I(p)] is divided byW (or  a constant magnetic field, if we substitute E8) into the
p, respectively.? The problem of reconstructing the true en- equation of motion
ergy distribution was reduced in Ref. 3 on the basis of an

approximation of the experimental data for a concrete ana- d mv Qe
. : . — === (¥XH), (6)
lyzer to the solution of an integral equation of the form dt\ /1 —12/c2 c
o take into account that the kinetic energy of the particles does
I(W):Cj A(W/E)f(E)dE. (2) not vary in the magnetic fielddy/dS=0), and introduce the
0

vectorh=H/H, for the path equation we obtain

A general solution of this equation was obtained in inte- dz_R_ qeH d_R <h 7
gral form, and it was also shown that the approximate solu- dS* pc | dS ! 0
tion of Eq. (2) for a broad spectrum is obtained by dividing where p= mv/yI—2%c is the magnitude of the momen-

the output signal (W) of the analyzer byw. In Ref. 4 an
equation similar to Eq(2) was also used on the basis of an tum.
approximation of experimental data, and a solution was ob-
tained in t.he form of a series. However, the question of Wher|1’\lSTRUME,\lTAL FUNCTION OF AN ANALYZER AND
the equations of the former and Iatt_er types sh(_)uld be used L EATMENT OF MEASUREMENT DATA

treat the experimental data remained open in the general

case. The purpose of the present work is to attempt to recon- Let us consider the motion of charged particles in an
struct the true distribution from the analyzer output signal inelectrostatic analyzer. Let a particle enter the analyzer at a

the general case. point with the coordinates, &) (the system of coordinates
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coincides with the plane of the entrance electjontethe qu, qu, a,B)

direction assigned by the angles and 8 with an energy J .8, 71,61, 71,8, E' """ E | FERA)

E=Eg/e, wheree is an elementary charge. The distribution 71051

of the field in the analyzer is assigned by the potentialds the Jacobian of the transformation .

U;, wherei=1, ... n, on the electrodes relative to the en- ~ We assume that the energy distribution in the beam be-
trance electrode, which is at zero potential. Atttk or exit ~ ing analyzed does not depend on the distribution with respect
electrode of the analyzer the particle is at a point with thefo the cross section and the angles

coordinates §4,&4) (the coordinate system lies in the plane

of the exit electrode f(n.&.a.B.B)=T1(n.6a.B)TA(B). (1)
The coordinates+#,,&;) are found by solving the equa- Using such a function, we can represent expres&ion

tion of motion (3). Since the trajectory of the partic[&€g. in the form

(5)] remains unchanged as its energy and potential vary over o U U

the entire space by the factdr, the coordinates #;,¢;) |=|Of A(b, o 'q n)fz(E)dE, (12)

remain unchanged whe& and U;, wherei=1,...n, 0 E E

change simultaneously by the factor This condition holds
only if the energy and the potentials appear in the functions
of the coordinates#; ,&;) in the form of a ratio. Similarly, it qu, qU,
can be shown that the charge and the energy also appearMTv ce ?)
the form of a ratio.

To find the relation between the output signal of the :j J’ ¢ ( £imi b qu, Q_Un)
analyzer and the energy distribution function of the particles, So)s R
we use the method described in Ref. 6. If the particles at the )
entrance to the analyzer have a distribution function with ~ <J(@.8,71,81)sin @ d$,dS,.
respect to the coordinates of the cross section of the beam The function A(QU, /Eq, ... qU,/Ep) is the instru-

formed by the surface of the entrance diaphragm, the angleg,ental function of the analyzer, since it expresses the depen-
and the energy(7,¢,«,8,E), the number of particles which jence of the output signal of the analyzer on the electrode
have an energy in the range frdinto E+dE and emerge in otentials for a monoenergetic beam of particles. It should be
the direction assigned by the anglesand 8 into a solid-  teq that the instrumental function of the analyzer will be a
angle elemend() from an element $ of the entrance dia-  fynction of the ratios of the electrode potentials to the par-

here

phragm area per unit time equals ticle energy, even if the condition of a one-to-one correspon-
A3l =1,f(7,& a,B,E)dQdS,dE, (8) dence between the gngles a_nd,B at the_entrance_to_ the
analyzer and the exit coordinates,(,&¢;) is not satisfied,
where since the instrumental function is the integral over all the
e trajectories passing through the hole in the exit diaphragm,
— I and each trajectory in the analyzer is a function of the ratios
lo dQdS,dE . .
dEdSdQ of the electrode potentials to the particle energy, for ex-

ple, when the beam is focused on a point.
It is not difficult to show that convolution equatidf) is
incompatible with Eq(12) and is, thus, inapplicable to ana-

hole in the exit diaphragm per unit time, () must be lyzers operating in the spectrometer regime. In fact, if it is

integrated over all the trajectories passing through the hole iﬁ:?érl?e:n;h(itz;h?hglitgﬂr;:g;al function simultaneously satis-
the exit electrode. For this purpose we express the angles '

and g in terms of the coordinatesy ,&;) of the coordinate W—E=F(qU,/E, ... ,qU,/E) (13)
system of the exit diaphragm

is the number of particles passing through the hole in thé™
entrance diaphragm per unit time.
To find the number of particles passing through the

must be satisfied, i.e., the difference between the tuning en-

qu, qu, ergy of the analyzer and the energy of the particles must be a

“:“( 76N ELTE T E ) function of the ratios between the electrode potentials and
the energy. On the other hand, the tuning enéngyf an

_ qu, qu, electrostatic analyzer should not depend on the ené&rgy
B=B| 7.6,m.¢1, E ' E |’ © with which the particle enters the analyzer, in contradiction
o o . with condition (13).
and substituting these expressions i@p we integrate over In order that the instrumental function of the analyzer
the energy and the areas of the entrance and exit aperturegould have the formA(W/E), when the energy of the par-
. ticles changes by a factor &f, the electric fields must vary
qUq qU, . . .
=1, fl 3 & m, 61, —,...,—,E by the same factor over the entire trajectory of the particles.
0 Jgi§ E E This condition is strictly satisfied only if the similarity con-
X I, B, 71,£,)sin @ dS,dSdE, (10) dition for the electric_field_ holds in the entir_e space of the
analyzer. Therefore, in this case the potentials on the elec-
where trodes should be linearly related:
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where\,, ... \, are constants. _
2 n , xoti-=(Up /U—1)" Uy |2 .
Then the tuning energy and the potential on one of the —_—— = dxd(U,/U)
electrodes, in terms of which the current of the particles at xo—i-=  Ax-1K kU
the entrance to the analyzer is measured, will be related béfr
the expression
. 1 -
W=kUy, (15 f(kU)= 20 B, M(U)U" 2, (20)
0 n=

wherek=const is the analyzer constant. 5
In this case the relation between the current at the anawherel (W(U) is thenth derivative of the current at the ana-

lyzer exit and the energy distribution function of the particles|yzer exit with respect tdJ, and theB,, are constants.

is described by the equation We express the coefficienBs, in terms of the moments
qu, of the instrumental function. For this purpose, after expand-
|(U1)—|oJ A( £ M2 oA F(E)IE. (16)  ing I™M(U) into a Taylor series and substituting expression
(20) into Eq. (16), we obtain the equation
The solution of Eq(16) for the energy distribution func- fo 4o
tion of the particles can be found in an integral form using 1(U)) = E E kn+m 1| (nem(y Hutm, 21)
the Mellin transform
o 1 1 [(xotiel,_q oo where
f(kU)=—-— (kU) ~*dx, a7
IO 2i Xg—i-o° AX—l + 0
Cnmzf 2" Yz—k)™A(g/z)dz (22
where 0

+o0 o Since Eq.(21) holds for any functiori (U,), the coeffi-
lx—1= fo I(UpU1 “dUy, cient in front ofl "*™(U,) for n=0 andm=0 equals unity,
and the sum of the coefficients in front of the remaining

+e [qUq|(Uq\ X2 derivatives equals zero. Then
0 E E _
= 2 '“‘ ) (23
The expression obtained is not convenient for practical kCqo' Bn= C =0 i)

use; therefore, we find the solution of the equation in the
form of a series. For this purpose, we assume khidt) is
infinitely differentiable and can be expanded into a Taylor

series in the vicinity of the poirlfJ: _ Cyo

™()(U,~0)" Coo
1(Uy)= nZO Y (19 Therefore, the correction associated with the first deriva-
tive 1’(U,) can be eliminated by adjusting the analyzer con-

Substituting expressiofil9) into integral (18) and as-  stant. This allows us to assume, in contrast to the results
suming, for simplicity, that) >0 andU,>0, for Eq.(17) obtained in Ref. 3, that the first derivative of the current has
we obtain little influence on the shape of the energy distribution. Figure

The analyzer constant can be expressed so as to satisfy
the conditionB,;=0; in that case it equals

(24)

©
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1 shows examples of the processing of the spectrum in a firgtind 8 with the momentunp, from the equations of motion
approximation and with the correction associated with theve obtain the coordinates of the particle at the exit dia-
second derivative of the current. The normal Gaussian distriphragm of the analyzer

bution was employed as a trial function for the true distribu-

tion function. Itpca)rlw be concluded on the basis of the results 7%~ m(n.¢.a.B,qH/p), 61—51(77,§,a,,8,qH/p)(,27)
obtained(Fig. 2) that the correction associated with the sec-

ond derivative makes a significant contribution to the distri-whereH is the magnetic field strength at an arbitrarily se-
bution function in the case in which the width of the true lected fixed point.

distribution function is of the order of the width of the in- The distribution function of the particles with respect to
strumental function. In this case the energy distribution obihe magnitude of the momentum, which does not depend on
tained with the correction is considerably closer to the trughe distribution with respect to the angles and the cross sec-
distribution than are the distributions obtained without it. Intion, and the number of particles passing through the hole in
addition, it is not difficult to show that the distribution func- the entrance diaphragm per unit time are related by an ex-

tion thus obtained satisfies the normalization condition. pression similar to the expression for electrostatic analyzers
Using the normalization condition fdi(E), it is not dif- +oo
ficult to show thatl(U,) tends to zero whetJ;—0 and |(H)=|ofO A(qH/p)fo(p)dp. (28)

U;— . Taking this into account, we find that
Y The momentum corresponding to tuning of the analyzer
J IM(U)HUT U, =0 (25) and the magnetic field strength are related by the expres-
0 ! ’ sion
wheren=1. p1=kH. (29)

_ Expression(25) makes it possible to compare the inten- g 5 distribution function whose value varies weakly
sities of two currents with quasimonoenergetic energy distrincross the width of the instrumental function, the approxi-
bution fgnctlons of' the particles haV|'ng a yvldth of j[h.e order mate solution of Eq(28) will have the form
of the width of the instrumental function without refining the
form of the distribution function. It is noteworthy that a I(H)

X ; . . fo(kH)~ —— (30)
simple comparison of the current maxima at the analyzer exit

ClgH’
gives an incorrect result: whereC=[; “A(g/z)dz is a constant and=p/H.
I1ma><

| 5 71.(U)/UdU
200 1 , (26)
o0 [ 1o,(U)/UdU * lomax CONCLUSIONS

wherel ;o andl,q are the particle currents at the entrance to  Let us briefly review the main results of this work.
the analyzer, ant; . andl, . are the maximum values of 1. It has been shown in this work that for all electrostatic
the particle currents;(U) andl,(U) at the analyzer exit. analyzers operating in the spectrometer mode, the energy
Let us now consider a magnetic analyzer of charged pardistribution function of the charged particles at the entrance
ticles operating in the spectrometer regime. Assuming thato the analyzer and the number of particles passing through
the magnetic field in the analyzer is created by magnetothe aperture in the exit electrode per unit time depend on the
optical elements and that the strengths of fields created bratio between the electrode potentials and the particle energy
these elements are linearly related, for a particle which haand are related by Eq12). It should be noted that the ex-
the coordinates+,£) at the entrance diaphragm of the ana-pressions(12) and (16) obtained above for describing the
lyzer and emerges in the direction assigned by the angles relationship between the current at the analyzer exit and the
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energy distribution function of the particles remain valid beam with an angular distribution that is quasi-isotropic
when the stray electrostatic fields caused by the actual geomithin the angular aperture of the analyzer to calibrate the
etry of the electrodes are taken into account. latter.

2. A detailed analysis shows that the convolution equa- 6. Preliminary retardation of the particles is often used to
tion (1) previously proposeldfor describing the relationship improve the resolving power of a dispersion analyzer. As a
between the particle current at the analyzer exit and the emrule, analyzers with preliminary retardation operate in two
ergy distribution function of the particles is not applicable toregimest in one regime the retarding potential remains con-
an analyzer operating in the spectrometer mode. stant, and the spectrum is scanned by varying the potential

3. Under the condition of a linear relationship betweenon the deflecting electrodes. One deficiency of this regime is
the potentials on the analyzer electrodes, the particle currethat it is unsuitable for treating the results of measurements
at the analyzer exit and the energy distribution function ofof broad spectra. In the other regime the potential difference
the particles are related by E@), in which the instrumental on the deflecting electrodes remains constant, and the scan-
function is a function of the ratio of the tuning energyto  ning is performed by varying the retarding potential. One
the particle energf. For a magnetic analyzer operating in deficiency of this regime is that the angular distribution func-
the spectrometer mode, the momentum distribution functionion of the particles varies after the retardation system, mak-
of the particles and the particle current at the analyzer exiing the ensuing treatment of the spectra difficult. The defi-
are related by an analogous equati@8) provided the fields ciencies just enumerated can be avoided by using an analyzer
created by the magnetooptical elements are linearly relatecoperating in a regime in which the retarding potential and the

4. Solution(20) in the form of a series in derivatives of potentials on the deflecting electrodes are linearly related by
the current at the analyzer exit, which was obtained for arkEq. (14). The use of a retarding potential permits improve-
arbitrary continuous energy distribution function of the par-ment of the resolving power of the analyzer. On the other
ticles, and recurrence relatiof®3) for the coefficients in the hand, the particle current at the analyzer exit and the energy
series permit the reconstruction of energy spectra with alistribution function are related by E@l6), and thus the
width of the order of the width of the instrumental function. treatment of the spectrum reduces, in a first approximation,

5. Since the distribution function of the beam with re- to division of the signal by the energy.
spect to the coordinates of the cross section formed by the
entrance diaphragm and the angles appears in expressioll’{. P Afanas’e\( and S.. Ya. YavoElectrostatic Analyzer for Charged
(12) for the instrumental function, the monoenergetic particle ZEa"'.c'e Beamdin Russiaf}, Nauka, Moscow1978. .

. L . . Sieghahned), Beta and Gamma-Ray Spectroscolmyerscience, New
beam used to calibrate an analyzer must have a distributionyoyk (1955 [Russ. transl., Fizmatgiz, Mosco@959, pp. 63—106
function with respect to the cross section and angles that iSG. I. zhabrev and S. K. Zhdanov, Pis'ma Zh. Tekh. F@, 2450(1979
close to the spectra which are to be measured by the anagINSO;- Le%h- F’hy\sl- 'ftia 1377(1929\]) A Urisouneractions of |
!yzer. F(_)r example, if the anglyzer is intended for investigat- and blagmﬁf;;”v’mh' 56|idug:?fi1\gﬁanuséiai} (lrggg,[;rf-r a2c2?gi-o o
ing particles reflected or emitted from a surface and the sursa a. sysoev and M. S. Chupakhimtroduction to Mass Spectrometin
face area “visible” to the analyzer is smaller than the Russian, Atomizdat, Moscow(1977.
emission area, and the angular distribution function of the®V: P- Afanas'ev and S. Ya. Yavor, Pisma Zh. Tekh. Flz.227 (1979
particles varies weakly within the angular aperture of the 0V Tech- Phys. Letl, 108 (1975],
analyzer, it is best to employ a broad monoenergetic particl@ranslated by P. Shelnitz
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